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The interstellar magnetic eld strength and density are observed to be corre-
lated, but there is a large dispersion in this relation. In particular, the magnetic
eld is often observed to be weaker than expected.
It is usually assumed that the eld is frozen into the gas except at very high
density and low ionization fraction, in which case ion-neutral drift, or ambipolar
diusion, leads to appreciable slip of the eld relative to the neutral gas and
tends to make the strength of the eld more uniform. The purpose of this paper
is to show that ion-neutral drift is signicantly faster in a turbulent medium than
in a quiescent one. We suggest that this fast ambipolar diusion can explain the
surprisingly low magnetic eldstrengths sometimes observed in dense interstellar
gas.
Subject headings: ISM: magnetic elds, turbulence, MHD
1. Introduction
The interstellar magnetic eldstrength and gas density are observed to be correlated
(Troland & Heiles 1986, Crutcher 1999). This relationship is thought to arise from gas
dynamical processes described by so-called ideal magnetohydrodynamics (MHD), in which
the eld is frozen to the ambient medium. Under ideal MHD conditions, if the ratio of mass
to magnetic flux were everywhere constant, the slope q  d log B=d log  of the eldstrength
- density correlation would be unity for compression normal to B, zero for compression
parallel to B, and 2/3 for isotropic compression. The observed value of q is approximately
0.5, which is consistent with equilibrium models of self gravitating clouds which evolved
under conditions of frozen flux (Mouschovias 1976, Tomisaka, Ikeuchi, & Nakamura 1988).
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However, a number of observations and upper limits on magnetic eldstrength suggest
that B / 0:5 is more an upper envelope than a scaling law. This is true both in atomic
and molecular gas (Bourke et al, 2001, Crutcher 1999, Heiles 2001a, Heiles & Troland 2001)
Although the number of measurements is small, and the eld may be underresolved in some
cases (Brogan & Troland 2001), the trend towards weak elds is clear. A dierent line
of argument comes from numerical simulations of molecular clouds: Padoan & Nordlund
(1999) claim that models with weak elds replicate the observations better than models
with strong elds.
Weak elds are dicult to reconcile with ideal magnetohydrodynamics (MHD). This is
particularly so in the case of turbulent molecular clouds. Giant molecular clouds are about
40 times denser than the mean interstellar density, suggesting that the magnetic eld should
be 6-7 times stronger than the mean eld. The mean Galactic eld is not strong enough to
resist compression and collimate the flow, and, even if it were, formation of giant molecular
clouds by one dimensional compression requires organized motion of low density gas over
nearly one kiloparsec (Mestel 1985). Thus, we seek an explanation for weak magnetic elds
in molecular clouds beyond the scope of ideal MHD.
If one imagines moving down in lengthscale from the very largest structures, in which
ideal MHD should be an excellent approximation, the rst non-ideal eect encountered
(at low ionization fraction) is ion-neutral drift, or ambipolar diusion. At the ambipolar
scale, which is many orders of magnitude larger than the resistive scale, the magnetic eld
and plasma become decoupled from the neutral material. This makes it possible to change
the mass to flux ratio without altering the magnetic topology. Ambipolar drift has been
invoked as the primary magnetic flux transport mechanism in dense, star forming gas since
the classic paper by Mestel & Spitzer (1956). However, it is thought to be too slow to be
an eective transport mechanism in diuse gas.
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Interstellar gas is turbulent. Turbulent diusion of quantities such as heat and angular
momentum is often invoked in astrophysics as a mechanism for enhancing transport rates
above their kinetic theory values, which are usually very slow. Turbulence enhances
diusion rates by mixing the relevant quantity to the small scales at which molecular
diusion operates. This leads to a mixing time which is approximately the eddy turnover
time, and is nearly independent of the molecular diusivity.
Whether turbulence enhances the resistive decay rate of a magnetic eld is unclear,
because there is substantial evidence that magnetic forces resist stretching the eld
suciently to mix it to the tiny scales at which resistivity operates (Cattaneo & Vainshtein
1991, Cattaneo 1994, Cattaneo, Hughes, & Kim 1996). This paper addresses a dierent
question, namely, whether turbulence in a weakly ionized gas can transport magnetic eld
with respect to the neutral matter, without resistive dissipation necessarily coming into
play. Because the ambipolar drift scale is much larger than the resistive scale, the feedback
eects which can suppress turbulent resistivity are far less dramatic, although they cannot
always be ignored.
We take an analytical approach to calculating the mixing rate. Although numerical
studies of mixing are unquestionably of value, interpreting them correctly requires that
both particle and magnetic eld diusion by numerical eects must be very well controlled.
Analytical calculations are useful in beginning to explore some of the basic mechanisms.
In x2, we introduce the physical model and derive an equation for the evolution of
the mass to magnetic flux ratio in a weakly ionized medium. We estimate the turbulent
diusion rate based on mixing length theory, and argue that enhanced diusion requires
the introduction of small scales as well as bulk advection. In x3, we quantify the eect
of wavelike motions on the rate of ambipolar drift, and in x4 we develop a model which
includes stretching and shrinking. This model leads to a flux redistribution rate which
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is comparable to the eddy turnover rate, as expected in turbulent diusion problems.
However, the model is two dimensional, and the fluid motions are prescribed without
specically allowing for magnetic forces. In Section 5, we derive conditions under which
these restrictions are valid. In x6, we apply the model to the interstellar medium, and
discuss the astrophysical constraints imposed by the dynamics. Section 7 is a summary and
conclusion. Sections 3 and 4 are relevant to general mixing problems, such as turbulent
diusion of a passive scalar, and the reader who is mainly interested in the astrophysical
conclusions could go directly to x6.
2. Basic Model
We consider a weakly ionized medium with magnetic eld B, mass density , and ion
mass density i  . We are interested in timescales much longer than the ion-neutral










= r (vi B); (2)
Replacing vi with vD + vn, and approximating vn by the center of mass velocity v, we
rewrite the induction equation as
@B
@t
= r (v B) +r (vD B); (3)
where vD is given by eqn. (1). The rst term on the RHS of eqn. (3) can be expanded





= −v  r− r  v (4)










 rv + 1

r (vD B): (5)
The left hand side of eqn. (5) is the comoving, or convective, time derivative of B=. The
rst term on the right hand side represents stretching of the eldlines, and is a consequence
of the frozen flux condition. The second term on the right hand side represents the evolution
of B= caused by ambipolar drift.
We now restrict ourselves to two dimensional, incompressible flows perpendicular to
a straight magnetic eld. This geometry captures the main eects under study, and is
consistent with the nature of turbulence in a strong, well ordered magnetic eld (Strauss
1976, Sridhar & Goldreich 1994, Goldreich & Sridhar 1997). Under these conditions, the














where B now represents the amplitude of the magnetic eld, and we have used eqn. (1).




+ v  rQ = r2Q (7)
in that the diusion coecient  itself depends on B=. When B= has a local minimum,
this nonlinearity can produce sharp fronts (Brandenburg & Zweibel 1994) of the type
also seen in nonlinear thermal conduction problems (Zel’dovich & Raizer 1966). Resistive
diusion in these sharp fronts (Brandenburg & Zweibel 1995, Zweibel & Brandenburg 1997)
alters the mass to flux ratio and can change the magnetic topology, which ambipolar drift
cannot.
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In this paper we assume that the relative variation of B= is so weak that nonlinear
eects play only a minor role in ambipolar drift. We assume that  is initially uniform,
and remains so because the motions are incompressible. With these assumptions, we study






where B0 is a representative value of the magnetic eld.
We now use mixing length arguments to briefly sketch the role of turbulence in mixing,
deferring a more precise derivation to the following section. First, we suppose v = 0.
According to standard random walks arguments, in time t the magnetic eld will spread
over a distance of order (t)1=2, meaning that a region of excess B of width L will relax on





Now suppose random velocities of magnitude u are present. Consider a magnetic flux tube
of width a which is carried a distance l down the gradient of B. The eld in the tube will
diuse into the weaker eld surrounding it; thus the motion causes net transport of B. The







because if a2=  l=u, the flux tubes return to their original positions with nearly the same
value of the eld, while if a2=  l=u the eld diuses too quickly to be advected by the
flow.
Advection spreads B over a distance l in a time l=u. In the absence of advection,
B would spread diusively over a distance (l=u)1=2. By eqn. (10), this distance is just
a. Advective mixing accelerates the transport of B only if a=l < 1, meaning that the
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motion consists of long, thin ngers which move a distance much longer than their width.
Interpreted more broadly, the argument presented here shows that turbulent mixing requires
more than just advection and dispersal; it requires the introduction of small scales.
It will be useful in the following analysis to have a denite model for B. We take as an
initial condition







where B00 and B
′′
0 < 0 are constants. We will dene  using B00 for B0 in quantitative
examples (see eqn. (8). We view eqn. (11) as the rst two terms in a Taylor expansion of a
magnetic eld which peaks at x = 0, and will often assume x=L  1.
Motivated by eqn. (11), we seek solutions of eqn. (7) of the form







Substituting eqn. (12) into eqn. (7) and using eqn. (11), we nd
B0(t) = B00 + B
′′
0 t: (13)
Equation (13) predicts that the peak eld decreases by a factor of two on a timescale
td0  −B00=(2B′′0 ): (14)









>From now on, we assume eqn. (15).
3. Diffusion in the Presence of Waves
Weak turbulence theory, in which turbulence is modelled as a superposition of randomly
phased waves, can be used to compute the rate of turbulent diusion (eg. Moatt 1978,
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Gruzinov & Diamond 1994). In this so-called quasilinear approach, one partitions quantities
into mean and fluctuating parts and calculates the average eect of the fluctuations on the
mean part. We used this method in a previous study of ambipolar diusion (Zweibel 1988).
In the present problem it is possible, as well as instructive, to solve the induction equation
exactly instead of averaging it. This conrms the argument given in x2.
We introduce a wavelike flow in the x^ direction
v = x^u sin !t sin ky: (16)
Motivated by the initial condition eqn. (11), we try a solution of the advection-diusion
equation (7) of the form





0 + B1(t)x sin ky + B2(t) cos 2ky: (17)
Substituting eqn. (17) into eqn. (7), using eqn. (16), and equating like powers of x and
Fourier harmonics of y, we nd that eqn. (17) solves eqn. (6) when the functions B0, B1,
B2 are solutions of the coupled dierential equations
_B0 = −1
2
uB1 sin !t + B
′′
0 ; (18)




uB1 sin !t− 4k2B2; (20)
where \" denotes d=dt. It is straightforward to solve eqns. (18) for B1(t) and use the result
to nd B0(t), the peak magnetic eld averaged over y. The results which t the initial






−Γ sin !t + ! (cos !t− e−Γt ; (21)





























where Γ  k2. The function B2 can be found in a similar manner, but is irrelevant to the
time evolution of B0.
The fastest possible decay of the eld occurs when the motion given by eqn. (16) is
coherent over many wave periods. In such a case, the long time behavior of B0 is given by






4 (!2 + Γ2)
(24)
represents diusion brought about by advective transport. Equation (24) closely resembles
the turbulent diusvity calculated from quasilinear theory (Moatt 1978). Maximizing t
with respect to !, we nd that the maximum occurs for ! = Γ, as we asserted in the mixing





where we have replaced Γ by k2. If we express u in terms of the maximum fluid







Equation (26) shows that the rate of diusion is appreciably enhanced above its value in a
quiescent medium only if ka  1, meaning that the flow consists of long, thin streamers
(see also Press & Rybicki 1981). We reached the same conclusion from the mixing length
argument in the previous section. It also holds if we assume that the flow is only coherent
over a time of order =!, and evaluate eqn. (21) at that time.
We are not aware of any turbulence model which predicts motions with ka  1.
However, stretching and shrinking are an intrinsic feature of turbulent flows, and we turn
in the next section to a discussion of their impact on diusion.
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4. Stagnation Point Flow
Hyperbolic stagnation point flow is a particularly tractable example of a flow with
shrinking and stretching. At hyperbolic stagnation points, the fluid flow converges in one (or
two) directions and diverges in the other direction(s), while maintaining incompressibility.
It is well known that diusion is accelerated in the vicinity of stagnation points, due to
the shrinking of scales in the convergent directions (Moatt 1978, Zweibel 1998), while
Zel’dovich et al. (1984) demonstrated that stretching by a random ensemble of stagnation
points acts like a dynamo. The role of hyperbolic stagnation points in the mixing of scalar
elds in turbulent flows has recently been reviewed (Shraiman & Siggia 2000) with emphasis
on the development of intermittency, and the high order moments of the distribution of
concentrations.
The action of stagnation points flow on elds of the form (11) leads to an exactly
soluble model in which the decay of the peak eld can be calculated explicitly. In subsection
(4.1) we compute the eect of a single stagnation point. In subsection (4.2) we superimpose
the eects of a random ensemble of stagnation points, and in subsection (4.3) we discuss
the relationship between the stagnation point model and turbulent flow.
4.1. A Single Stagnation Point
We consider two dimensional, incompressible flow near a stagnation point at (ax; ay).
For elds of the form given by eqn. (11), we require ax=L  1, where L is given by eqn.
(15). The flow is
vx = −γ (x− ax) ; (27)
vy = γ (y − ay) ; (28)
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where γ is a constant. It is straightforward to integrate equations (27) to nd the position
at time t of a fluid parcel which is at position (x0; y0) at t = 0
x = ax + (x0 − ax) e−γt (29)
y = ay + (y0 − ay) eγt: (30)
The initial coordinates in terms of the coordinates at time t are
x0 = ax + (x− ax)eγt (31)
y0 = ay + (y − ay)e−γt: (32)
We now compute the eect of this stagnation point flow on the diusion of the magnetic
eld. Taking eqn. (11) as the initial condition, we look for a solution of the form


















+ v  rf(x0) = 0; (35)
where v is given by eqns. (27). Furthermore, eqn. (31) shows that x0 is a linear function
of x and y, so r2x0 is only a function of time, and is independent of the stagnation point
location (ax; ay). Thus, the solution of the advection-diusion equation takes the simple
form given in eqn. (33).
The solution of eqn. (34) which ts the initial conditions is







e2γt − 1 : (36)
{ 13 {
The location of the peak eld evolves in time to ax(1− e−γt), but this is irrelevant because
the density  is shifted by the same amount. It is only diusion which aects the mass to
flux ratio.





ln (1 + 2γtd0) ; (37)
where td0 is the diusion time in the static case, dened in eqn. (48). Equation (37)
shows that the diusion time depends only logarithmically on the diusivity . This arises
because of the exponential growth of the magnetic eld gradient, as seen in eqn. (34).
At the time tγ , the x^ component of the drift velocity vDx equals half the flow velocity
vx = γx. Beyond this time, the magnetic eld is no longer well coupled to the flow.
4.2. An Ensemble of Stagnation Points
Our picture is that each element of fluid shrinks or stretches in a time dependent way,
which we model as a sequence of stagnation point flows oriented in random directions, each
one of which endures for a time  (see Childress & Gilbert 1995 for a general discussion of
these so-called renewing flows).
We take the flow during time (n− 1) < t < n to be










where −1  n  1 and n  1, and for simplicity we have taken all flows to have the same
strength γ. Equation (38) reduces to eqn. (27) if  = −1. These flows are curl free, and
hence not of the most general possible type. Adding vorticity would lead to changes of scale
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which are algebraic rather than exponential in time, complicating the mathematics while
having little eect on the diusion rate (Zel’dovich et al. 1984, Zweibel 1998).
Let the (x; y) coordinates of a fluid parcel at time (n− 1) be rn−1. Then at time n ,
the coordinates rn can be written as
rn = An  rn−1; (40)
where the matrix An is0
@ cosh γ + n sinh γ (1− 2n)1=2 sinh γ
(1− 2n)1=2 sinh γ cosh γ − n sinh γ
1
A
Inverting eqn. (40) yields rn−1 in terms of rn
rn−1 = An−1rn: (41)
Successive backwards iteration of eqn. (41) yields the initial position r0 in terms of the
coordinate rN  r(N)
r0 = A1
−1 A2−1:::AN−1  rN: (42)
At times n < t < (n + 1) , the position r(t) is related to the postion at time n by an
equation similar to eqn. (40), where in the matrix A we replace γ by γ(t− n).
Since the matrices An are independent of the spatial coordinates, r0 is a linear function
of rN, or, more generally, r(t). This means that r2x20 is a function only of time. It follows
directly that the solution B of the advection- diusion equation (7) can still be written in
the form of eqn. (33), and that the rate of diusion increases with time at the same rate as
r2x20.
In order to estimate the rate of increase of r2x20, we generated random (or more
accurately, pseudorandom) sequences of n and calculated r0 from rN according to eqn.
(42), for increasing N . We used the result to calculate r2x20 as a function of N , or
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equivalently, as a function of time, since N corresponds to the time N . The only adjustable
parameter in these calculations is γ , which measures the coherence of the flow, or the
renewal interval in units of the stretching rate. We expect γ to be O(1).
Figure (1) shows the dimensionless diusion rate as a function of iteration number in
the case γ = 0:5. Figure (1) shows that the diusion rate is on average more than 107
Fig. 1.| The natural log of the increase in diusion rate, or amplication factor, with time,
or the number of iterations. Each solid curve is the average of 50 independent realizations
of the iteration process. The dashed line, which has slope 0.838, is the exponential with the
same nal value as the average of the curves. The maximum amplication factor possible
would occur if all stagnation points had inflow along the x^ axis, and would have a slope of
1 in these units.
times larger after 20 renewals, and is well t by an exponential with a rate of increase equal
to about 84% of the rate of increase we found for the stagnation point flow given in eqn.
(27). However, there is substantial dispersion about the mean. Each solid curve represents
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50 independent sequences of iterations, and Fig. (1) shows dierences between them. The
standard deviation within each set of 50 sequences is typically about 40% of the mean, and
the amplication factors for single sequences rarely grow exponentially. This is illustrated
in Figure (2).
Fig. 2.| The natural log of the increase in diusion rate, or amplication factor, with
time, or the number of iterations. Each solid curve is a single independent realization of the
iteration process. The curves, which correspond to the rst 5 members of a larger ensemble,
show the intrinsic variability of the amplication process.
This large standard deviation suggests that the diusion rate in this model is highly
intermittent, which is an observed feature of turbulent mixing.
The mean amplication rate is relatively insensitive to the coherence parameter γ ,
being about 73% of maximum if γ = 0:1 and about 87% of maximum if γ = 1. The
natural logarithm of the amplication rate versus time for 3 dierent values of γ is plotted
in Figure (3).
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Fig. 3.| The natural log of the increase in diusion rate, or amplication factor, with time,
for three dierent values of γ . Each curve is an average of 50 independent realization of
the iteration process, and there are 5 curves of each type. The dashed curves represent
γ = 0:25, the solid curves represent γ = 0:5, and the dot-dash curves represent γ = 1:0.
Amplication at the maximum possible rate would be plotted with a slope of 0.5 in these
units
4.3. The Stagnation Point Model and Turbulent Flow
The hyperbolic stagnation point model achieves fast diusion by increasing the
magnetic eld gradient at, on average, nearly exponential rates. Chaotic flow, in which
the trajectories of neighboring fluid particles separate at an exponential rate, achieves fast
stretching and shrinking without hyperbolic stagnation points. Because lengthscales change
exponentially, small dierences in the rates lead to highly intermittent distributions of
scalar quantities, which we saw reflected in the stagnation point model through the wide
dispersion of amplication rates (see Figure 2). The maximum rate of stretching of a fluid
{ 18 {
element labelled by its initial position r0 is given by the Lyapunov exponent (r0)








 e0 j; (43)
where the e0 are a set of unit vectors in all possible directions (see Childress & Gilbert
1995).
In order to make it plausible that the diusion rate is enhanced by exponential
shrinking and stretching in a flow, we imagine that the diusivity  is so small that we can
ignore it. In this limit, the solution of the advection equation for the initial condition (11) is





0 (r) : (44)
If we suddenly switch diusion back on, it is represented in the advection-diusion equation






x0r2x0 +rx0  rx0

: (45)
The quantity rx0  rx0 on the right hand side of eqn. (45) is the square of the inverse of
the stretching rate. This suggests heuristically that the diusion rate grows exponentially.
Simple examples of 2D, chaotic, spatially periodic flow with a single lengthscale by
Galloway & Proctor (1992), Ponty et al. (1993) and Cattaneo et al. (1995) Because they
contain a single spatial wavenumber they cannot be considered fully turbulent, but they
can be written down in closed form and readily analyzed.
5. Dynamical Feedback with Extension to 3D
Up to now, we have treated the fluid motions as given, assuming the magnetic eld
is so weak that feedback by the Lorentz force is negligible. We have also assumed the
fluid motion is 2D and invariant along the direction of the magnetic eld. Both these
assumptions limit the regime within which our results apply. Even in the 2D case, the
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magnetic pressure gradient grows due to the flow; indeed, without this, the diusion rate
would not be enhanced. Once the invariance in z^ is broken, the magnetic eld is stretched as
well as compressed. This produces magnetic tension forces, which aect both the diusion
process and the flow itself.
In this section we quantify the eects of magnetic feedback and derive criteria for the
validity of the 2D model. We do this for the simplest stagnation point flow, given by eqns.












It is easier to understand the results physically if we rewrite some of the quantities
derived up to now in terms of basic timescales. We introduce the dynamical time d and
global Alfven time A
d  γ−1; A  L
vA
: (47)
















Note that we have rewritten 2γtd0 as 2
2
A=dni. In the formulae which follow, we will
assume that 2γtd0  1.
Our expectation is that d, which is related to the eddy size l and turbulent velocity
vt by d  l=vt, is less than the global Alfven time A, while the neutral-ion collision time
ni is less than either. More precisely, our picture requires that the magnetic eld be
reasonably well frozen to the eddies. This is measured by the ambipolar Reynolds number
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If the turbulence is Alfvenic, vt  vA, then the eld is frozen in as long as d > ni. The





We estimate the eect of feedback by assuming stagnation point flow of the type
(27) with ax = ay = 0 for simplicity, and following the force on a fluid element over the
mixing time γ . This probably overestimates the eects of magnetic feedback, because the
coherence time  of any particular realization of the flow is expected to be less than tγ .
Thus, the constraints on the turbulence which we derive are likely to be conservative. In
fact, mixing appears to take place in fully self consistent models of Alfven wave turbulence;
Maron & Goldreich (2001).
5.1. Magnetic Pressure Forces
We estimate the deceleration of an element of fluid by magnetic pressure in time tγ .
The magnetic force Fm is











dsFm (x(s); s) ; (53)
where x(s) = x0e
−γs is the position of the fluid element at time s and x0 is its original
position. Substituting eqn. (46) into eqn. (52) and integrating eqn. (53) to t = tγ yields to
leading order in 2γtd0







where we have assumed x0=L  1.
The average velocity v(x0) of the fluid element over this time is











to leading order in (2γtd0). Magnetic feedback on the flow is unimportant if v
P=v < 1.







1=2 ln (2γtd0) : (57)

















Equation (58) implies an upper limit Pmax on the eddy turnover time d such that















where, to sucient accuracy, we have replaced d by (32
2
Ani)
1=3 in the logarithmic factor;
this would be the solution of eqn. (58) if the logarithm were not present. In x6, we evaluate
eqn. (59) for parameters typical of the interstellar medium.
Equation (59) can be used together with eqn. (50) to derive an expression for
RAD(
P





















Equation (60) shows that as long as A  ni is signicantly greater than one, the eld
should be well frozen to the eddies unless the turbulent velocities are quite sub-Alfvenic.
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5.2. 3D Effects
As a rst step toward the 3D problem, we assume the turbulent motions are in the
(x; y) plane, but depend weakly on z; i.e. the characteristic wavenumber k along the eld is
related to the turbulent lengthscale l by kl  1. This quasi-two dimensionality is expected
to be a feature of Alfvenic turbulence in strong magnetic elds (Strauss 1976, Goldreich &
Sridhar 1997). The bending of the magnetic eld by the fluid motion aects the nature of
ambipolar drift and creates magnetic tension forces which modify the turbulence.
Since the eld is fairly well frozen in even on scales l, it is very well frozen on the scale
k−1, and the transverse eld B? is given to a good approximation by




where x0 is the initial position of the fluid element at position x at time t.











 zˆ : (63)















zˆ  r? B?: (65)
If the magnetic eld is strictly vertical, then Jz = 0, 4J?=c = r?Bz  zˆ. Let us
introduce a small parameter  and assume that @z is O() relative to the perpendicular
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derivatives, and that B?=Bz is also O() (this is the so-called reduced MHD ordering;
Strauss 1976). It then follows from eqns. (65), (64), and (63) that the ambipolar drift terms
are changed by terms of order 2, but not . Therefore, we may assume that weak three
dimensionality has little eect on ambipolar drift of the vertical eld.
We next calculate the deceleration of the fluid vT by the tension force associated
with bending the eld. For deniteness, we assume a z dependent stagnation point flow
model of the form
vx = −γx cos kz; (66)
vy = γy cos kz; (67)
a generalization of eqns. (27) with ax = ay = 0 and vz = 0 as usual. The Lagrangian
positions are
x = x0e
−γt cos kz; (68)
y = y0e
γt cos kz: (69)
According to eqns. (61) and (68), the x^ component of the eld is
Bx = Bzγtkx sin kz: (70)









γtk2x cos kz: (71)
We set z = 0 and follow a procedure similar to the derivation of eqn. (58), integrating Fm
along the path of a fluid element from t = 0 to t = tγ . We approximate Bz by B00, which


















ln (2γtd0) : (73)
Equation (73) shows that magnetic tension has little eect on the fluid as long as the Alfven
frequency along the eldline is less than the eddy turnover rate by the factor [ln (2γtd0)]
1=2.
Equation (73) can be used to set an upper limit Tmax on the eddy turnover time such
that the magnetic eld reaches the mixing scale without decelerating the fluid. Proceeding















Equation (74) shows that tension forces are less important in long, thin structures, in which
kL can be much less than one, than they are in flattened structures such as disks.
Finally, we use eqns. (74) and (50) to compute RAD for the eddy which is critically






















The large size assumed for A=ni generally guarantees that RAD(
T
max) is large.
6. Application to the Galactic Magnetic Field
In this section we discuss the magnetic eldstrength-density relation for weakly ionized
interstellar gas in the light of ambipolar drift, both in its traditional (laminar) form and
according to the turbulent model developed here.
It is convenient to write the magnetic eldstrength in units of G; B = 10−6B, the
global lengthscale L in units of parsecs; L = 3:1  1018Lpc cm, and velocities in units of
km s−1; v = 105v5 cm s−1. We write other quantities in cgs units. We denote the ion and
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neutral number densities by ni and nn, respectively, and the molecular weights by Ai and
An. The global Alfven time A is then A = 1:4 1013Lpc(Annn)1=2B−1 s. We take ni from
Draine, Roberge, & Dalgarno (1983); assuming Ai=An  1 gives ni = 6:7 1010n−1i s. In
some cases, we will eliminate ni from formulae in favor of the ionization fraction xi  ni=nn.
Ambipolar drift has generally been thought to be an eective magnetic flux transport
mechanism only in the densest molecular gas. The timescale td0 for ambipolar drift in a
quiescent medium [see eqn. (9)] is








In eqn. (76), Lpc is the magnetic lengthscale. If the magnetic lengthscale is the same as the
size of the system, then we can rewrite td0 in terms of the column density N  nnL, given
in units of 1019 cm−2, as





Equation (77) shows that, considerations of turbulence aside, magnetic elds are simply not
very well frozen into low column density, weakly ionized systems. For example, in an HI
region with An = 1.3, xi = 10
−3, and B = 5, td0 = 1.6  1012N219 s.
However, the systematically low eldstrengths reported by Heiles (2001a) or Heiles &
Troland (2001) occur in systems with N19 typically at least 10 - 30. Unless xi is 10
−4 or less,
the ambipolar drift timescales in such systems are several 106 years or more. Since these
structures are unlikely to be much older than this, we see the need to consider the eect
of turbulence on the ambipolar drift rate, and apply the model developed in the previous
sections, provided that we can do this self consistently.
Although we infer from Doppler measurements of linewidth that interstellar gas
is turbulent, we know little about the physical size scales or correlation times of the
turbulence. Therefore we assume that fast, or turbulent, ambipolar drift is feasible unless
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the dynamical constraints derived in x5 prevent it. Here, we quantify these constraints for
realistic parameters.
We showed in x5 that the eciency of turbulent ambipolar drift is limited by the back
reaction of magnetic forces. In the strictly 2D case, the increase in ambipolar diusion rate
is accompanied by the local buildup of magnetic pressure forces, and in the 3D case, the
eld is stretched, leading to magnetic tension forces. These forces prevent the flow from
concentrating the magnetic eld and ultimately limit the rate of diusion.
The severity of these dynamical constraints can be expressed in terms of lower bounds
on the strain rates, or inverse eddy turnover times, such that concentration of the eld
occurs before deceleration of the flow. We derived these constraints in eqns. (59) and
(74). Here, we express them numerically. We have already seen froms eqns. (60 ) and (75)
that the magnetic eld should be well frozen to these critical eddies, so the theory is self
consistent from that point of view.























For example, in moderately dense H I gas, we choose nn = 50, ni=nn = 10
−3, Lpc = 3, An
= 1.3, and B = 5. For these parameters, A = 6:8 1013 s and ni = 1:3 1012 s, so these
two timescales are well separated. According to eqn. (78), Pmax = 0:3A = 2:0 1013s. This
does not appear to be an unreasonably short eddy turnover time. To express this result
in another way, the maximum eddy size lmax is 0.9 pc (vt=vA). The ambipolar Reynolds
number RAD is 17 (vt=vA)
2.
Next, we consider magnetic tension forces. The minimum eect occurs for the
fundamental wavenumber of the system; k = 2=Lk, where Lk is the lengthscale along the
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Equation (80) shows that in highly flattened systems (Lk=L  1), magnetic tension eects
can actually be rather important. Only eddies with a relatively short turnover time can
mix the eld before magnetic tension seriously modies the flow. The mixing mechanism
fails if these eddies are so small that the eld is not well frozen into them. In the example
presented here, the minimum value of Tmax=A, which occurs for Lk=L  0:14, is about 0.04,
large enough that RAD > 1 if the turbulence is Alfvenic, but this need not always be the
case. The longer and thinner the system, the less severe magnetic tension need be as a
constraint. That is, lamentary structures are the preferred candidates for fast ambipolar
drift.
7. Summary and Conclusions
Observations show that interstellar magnetic eldstrength and gas density are to some
extent correlated, but that the eldstrength is often lower than expected. This suggests
that processes beyond ideal MHD may play a role.
The flux to mass ratio is altered by ambipolar drift, but estimates of the ambipolar
diusivity v2Ani predict that ambipolar drift is important only in very dense, strongly
magnetized gas with substantial gradients on small scales. It is well established that
turbulence can enhance the transport rates of quantities such as entropy and angular
momentum. This motivated us to consider the eect of turbulence on the rate of ambipolar
drift.
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Magnetic reconnection can also change the magnetic flux to mass ratio. Lazarian &
Vishniac (1999) have argued that if the spectrum of interstellar turbulence extends to the
resistive scale then reconnection takes place at the Alfven speed. We have concentrated
here on ambipolar drift because it does not require turbulent structure on such small scales;
if flux is quickly redistributed in the fully ionized portions of the ISM then an alternative
process is certainly required.
We took the initial magnetic eld to be straight, with a transverse gradient. In
this geometry, ambipolar drift is described by a nonlinear diusion term [eqn. (6)]. We
assumed that the eld does not reverse direction; if it did, ambipolar drift would steepen
the prole to a near singular state (Brandenburg & Zweibel 1994, 1995). In this paper, we
approximated the diusivity as linear, so that diusion causes gradients to relax.
We considered the action of 2D, perpendicular flows on the evolution of the eld.
We showed by a mixing length argument (x2) and then an explicit calculation (x3) that
advection of the eld by the flow relaxes its initial gradient. However, unless the motions are
long and thin, like ngers, the rate of relaxation is no faster than relaxation by ambipolar
drift alone. Press & Rybicki (1981) made a similar argument about turbulent diusion in
another context.
The missing ingredient in the wave model is stretching and shrinking of scales. In
chaotic flows, this happens exponentially fast. In x4 we modelled exponential shrinking
and stretching by representing the flow as a sequence of randomly oriented hyperbolic
stagnation points. This model permits exact solution of the advection-diusion equation
(7), with accuracy limited only by the accuracy with which one can multiply 44 matrices.
The model predicts an exponential increase of the mean diusion rate with time (Figure
1), although with considerable variance from point to point (Figure 2). The stagnation
point model predicts that the eld diuses on a timescale comparable to the eddy turnover
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time (Figure 3), and only weakly dependent on the ambipolar diusivity itself and on the
original gradient lengthscale.
In x5, we took into account the back reaction of magnetic forces on the stagnation point
flow, including weak three dimensionality, and computed the rate of heating associated with
ambipolar drift. In 2D, magnetic pressure impedes the flow and in 3D the stretching of the
eld gives rise to tension forces which do the same. By comparing the deceleration time
of a fluid element to the mixing time, we derived criteria for the eddy turnover time such
that deceleration does not dominate. As we showed in x6, these criteria can be satised
in the interstellar medium without extreme assumptions about the size and velocity of
the turbulent eddies, although they cannot be wholly ignored. Our estimates of feedback
were conservative in the sense that we assumed the flow is coherent over a mixing time.
This led us to overestimate the time-integrated magnetic force on each fluid element. In
fact, Alfvenic turbulence itself has fast mixing properties. However, our estimates were
optimistic in the sense that we considered only incompressible flows. Compressibility could
lead to stronger magnetic forces, and earlier saturation of diusion.
The outcome of these calculations is that turbulence is likely to have a major eect on
the magnetic flux to mass ratio in the weakly ionized portions of the interstellar medium,
making the magnetic eld more uniform at least in regions where its topology is simple. It
follows that the strength of the eld is not necessarily a good indicator of the dynamical
processes which determine the gas density.
There is at least one type of H I structure in which flux freezing appears to be obeyed.
Magnetic elds in H I shells are observed to be quite strong, with magnitudes consistent
with shock compression (Heiles 1989). The same observations suggest that turbulence with
Alfvenic or slightly subAlfvenic velocities is present. If these shells were not expanding, they
would appear to fulll the conditions for fast ambipolar drift, and their strong elds would
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be counterexamples to the theory. However, the shells are expanding at speeds of order
10 - 20 km/s, adding new magnetic flux faster than it can diuse upstream, while on the
downstream side the ionization is too high for ecient ambipolar drift. Thus, the eld in
the shells remains large. Recent observations by Heiles (2001b) and Heiles & Troland (2001)
showing cold, moderately dense H I regions which have weak magnetic elds, Alfvenic
random velocities, and no observed association with shells appear to be better candidates
for fast ambipolar drift.
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